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HA.TI0ML ADVISORY CC^itilTIEE'^ FOR A1R0WAT3TICS 


TECHNICAL NOTE NO. l466 

RECIffinENCB FORMULAS AND DIFIERENTIAL EQUATIONS 
■FOR SIEESS ANAIYSIS OF CAREERED BOX EEAJ® 
By Joseph Nenrpner 


SlMvIARY 


Recurrence formulas and differential eq,uatlons are developed 
for the stress analys3.8 of cambered "box heams having one or two covers 
In contrast to the elementary theory of "bending, shear deformation of 
cover and web is considered. The recurrence formulas are applicable 
to beams loaded by concentrated forces at intervals along their spans j 
the differential eq,uation is valid for beams of constant section 
loaded at tlie tip and is solved for beams fixed at tlie root. 

For various methods of end restraint, boundary equations are 
developed which, together with the pertinent recurrence formula, 
yield a set of simultaneous linear algebraic equations. Solution of 
these equations provides correction forces vrhich can be ussd in 
conJ\jnction with the res\ilts of the elementary bending ’bheory to 
determine the direct stresses in the stringers and 'the shear stresses 
in the skin. 

Comparison of the 3reBults of the application of the formulas 
and differential equations developed with experiment and other methods 
of analysis indi.cate that the analysis presented Is quite adequate for 
the deteminatlon of the stresses in cambered box beams. 


INTBODUCTION 


In the past, satisfactory solutions have been obtained for the 
stress analysis of rectangular or flat box beams under bending loads. 
(See, for example, references 1 and 2.) Procedures presented for the 
analysis of cambered box boams, however, have been for the most part 
quite approximate. In the present paper, recurrence formulas are 
developed for the stress analysis of single -covered cambered box 
beams having singly symmetrical cross sections and double -covered 
cambered box beams having doubly symmetrical cross sections . The 
recurrence formulas, together with the boundary equations developed. 
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are applloa'ble to 15681113 loaded symmetrically ty concentrated forces 
at sectiona along their spans. The h earns can l5e restrained at hoth 
ends, unrestrained at both ' dr restrained at one end and 

unrestrained at the other end. !Da any particular- prohlem, a 
recurrence formula, together with tlxe pertinent hoimdary eq.uations, 
is used to obtain a set of simultaneous linear algebraic equations 
for corrections to the streaaes given by the elementary theoary of 
bending. lor tip -loaded cantilevered beoms^ of uniform ponsti'uction, 
exact differential -eguatlcai solutions are developed. 


Applications of both the -recurrence fomulas and differential 
eguatione and two numerical exaraples ere given. Comparison of the 
results of the present analyses with experimental data and other 
methods indicates that the soluticns presented herein are satisfactory. 




•^S-> •^L 


E 

a 

I 


effective cross-sectional area of stringers P, S, and L, 

respectively _ 

■ -T - ■ i 

Young's modulus 

shear modulus * ' . . . ’ 

moment of inertia of cross seotlcn with respect to 
neutral axle 



L length of beam 

. length of bay i 


- 



M bending moment on cross section 

P load on web 


Q . static moment about iieutareil axis of cross-sectional 

area i^ing between extreme fiber and plane under 
consideration 

V resultant vertical shear force on cross section 

X ...correction force 

b ■ . , . half .yid’fe . of cover measured, along^ cross eecticn 

0 ■ ■ ma^i tilde oif oaiaber 



•r? f) 
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m 
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u, V 
X, 7 
7' 
z 
S 

8(x) 


dep^iii of veb 

general designation of section, or tay 

fixity factor for carry -through tay . 

designation of "bay adjacent to rigid support 

skin thickness • ■ 

axial and chordwlse displacements, respectively 

axial end ohord’sri.se coordinate axes 

cover coordinate axis (See fig. 3(a).) 

distance hetween neutral axis and stringer F 

stringer displacement due to elementaa?y shear stress 

stringer displacement at distance x .Sue to.' 

correction shear stress . - • ” 




X S5 I 1 + 


. i X 


Kb 


tht^^y &t^ tank KL 


Kb 


hht^y Gtg sinh KL 


V = 


IG 


^g(z + c) - |Ag(z + o) + AyzJ |-j> 


ac^t' 


X ll + 


K'h 


hht,. 


Gt tanli K’L 


' = 13- + 


hht,.r 


K'h 


Gt^j sink K'L 


V = -l-^Ag(h + 2c) ^ - rAg(h + 2c) + Apk] 

c ^ ** 


2IG \ 


w , 



k 

a total stringer stresa. 

~a ■- .correction, stringer stress 

T total shear. stress 

' ■ corrScticaa shear stress 
' eleanentary shear stress . • 


» 




TSACA m- No . 1466 





HA.GA. osr No . 1466 


5 



Subscripts 
c cover 

i "bay i 

m "bay m 

V wel) 

F refers to stringer F 

S refers to stringer S 

L refers to stringer L 

INAIEEQUACy OF SnCMENTAEY THEOBY 


Ibe elementary theory of "bending yields for liie direct stress 
anfl shear stress in a cambered "box "beam (figs. 1(a) and l(‘b)) My/l 
and "TQ/lt, respectively. Alihiough the strbsses obtained -with iiieae 
relationships satisfy the laws of statlbs,- the corresponding strains 
do not satisfy continuity conditions. If, for example, a 1)68311 is 
loaded at several sections along its span, as in figure 2(a), the 
shear strains calculated frcm the elements^ theo3?y peimit discon- 
tinuities in the box cover at sections at whlph steps in the shear 
diagram occur. The discontinuities at each of these sections can be 
resolved into tvro components, - that due to shear in the cover and 
that due to shear in the web. As indicated in figure 2(b), the 
elementary shear strains in the cover tend to displace the upper 
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stringer tovrard tJie supported section. If no shear existed in the 
cover, however, elenents of the cover that were origtnallj perpen- 
dicular to the woh at the flange (stringer F) would tend to remain 
GO during shear displacement of the veh. As shown in figure 2(c), 
the upper stringer now has the tendency to ho displaced away from, 
the supported end. Since -the magnitudes of these displacements are 
proportiona.1 to the external shear acting on each hay, the elementary 
theory pemlts discontinuities to exist at those soctlona at which 
external shear loads are Introduced. Discontinuities between 
adjacent hetye having differences in construction are also permitted. 

For a tip -loaded beam fixed at points Indicated by the circles 
in figures 2(b) and 2(c), the siresees to the sheet and stringers 
would be to agreement with elementary theory only if the upper 
stringer at the supported end is permitted to be displaced to a 
manner consistent with elmentary shear stresses. For beams fixed 
rigidly at one end, tills condition is completely neglected by the 
el.ementary theory. It should be noted that, for bending of the beam 
(without shear deformation), sections that vero originally plane 
ranain so after bending occui’S and merely rotate ■vrf.th respect to 
each other. As indicated to figure 2(d), no diBcanttouitioe arise 
when tlieso rotations are permitted. 

Because the stresses in box beams determined from the eletmentary 
theory do not satisfy conditions of continuity, and conseq.ucntly are 
inad.eq.uate for tlie analysis of beams similar to those used to 
airi'lane construction, recurrenoe formulas and differential eq.uationo 
are developed in the present paper for toe determination of self - 
equilibrating correction forces which, when conibined wito the 
elementary forces, yield stresses that satisfy toe laws of statics 
as v^ell as the conditions of continuity. 


BASIC ASSUMBTIOHS OF ERFSFWT T3£E»Ky 


In the development of the reciarrence formulas for toe oorrecticne 
to toe elmentary theory, the following basic cssumptlons are made; 

(1) . The beam is prismatical and is oompoaed of bays, the cross 
sections, of which have one or t^ro axes of symmetry as shown in 
figVEres 1(a) and 1(b). 

(2) .Each box cover approximate's two flat plates joined at a 
central cover stringer* (fig. l). If toe cover is cur".''ed, toe aro of 
the cross section of toe ■ cover can bo replaced by two equal chords . 
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( 3 ) The sldl^ of .covers and vehs is ca^ahle of dart^lns ,ondy 
shear s-iresses; vhereas strinsers- plus aii effective sheet area carry 
oiily direct stress. ,■ • . 

(it-) Chordwise displacejnehts Spe negligible. 


DPTEEJSNTJAL EQX3ATIOKS IGR THB STESSSS AlIAIXSIS 
OP CAMEEEED iBOX EEAMS 
Beernis vith One Cover 


A second-order differential equation is found for the stress 
analysis of a ingle -covered cambered box beams. Thin equation is 
applicable to laterally loaded beams having external shear forces 
syinEetrically distributed betv?een the webs. In addition to the basic 
assumptions listed previously, for the solution’ of the differential 
equation, the beam is assumed to bo a tip-loaded cantilever box of 
unifom constsniction (fig. 1(a)). Because of symmetry, only half the 
beam is considered in the analysis (fig. 3). The upper stringer of 
the half cover has half the- area of the original cover s’bringer. 

ExToressiona for stringer and shear stresses .- The origin of 
coordinates is located at the root as indicated in figure 3 (a) . The 
direct' stress in each stringer is 


o 



( 1 ) 


in which u represents axial stringer displacement. The shear 
stresses in the web and cover, respectively, are 



in which u^ and v^, respectively, ' are . x- and y-displacemonts- of 
the web, and’, u^ ’ 'and v^,, respectively, ai*e the x- and y’ -displace- 
ments of -the cover. The sign convention for the shear s’tress is 
indicated on figure 3 (b). 
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If the ajclal aieplacemente of stringers F, S, and L 
(fig3» 3(®) 3(t)) at any transverse seotlon of the "heeta. ore 

designated as 'Uj,, and respectively, eqiAations (2) hecome 


■r' = 0 

^ V h &c 


.) 


and 


since 


=G 


" % 


c ^ 
h 5x 






c 

V =: - V 

o -b w 


&v 

Elimination of — 5f from eavatlcns (3) yields 


(3) 


0 

T » - 
0 


^ f ("F ■ "s) - |i("l - “s) 


(« 


Equili'br lT.Tm relatlonahinp ,- Consideration of the static 
equilihorlym of the forces on the free-hody diagram of figvire 4 yields 
the following differential eq.ua tionet 





T t 

V W 


dX Ay Ay 


(5a) 



o c 




T t 

W W 



(51)) 

(5o) 


If any cross sectlcn of the heaia is loaded by a shear force 
then frcm further eqixilihrium considerations (fig, 3 (ti)) 


y> 
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V _ o“c 

Vi 


Differential ecuatlon for shear stresB In cover . ■ m order to 
obtain an expression for. in teims of the physical properties of 

the beam and the external loading only, ' t^, Uj., Ug, and Uj;, are 

elimina.ted from equation (^4-) . Differentiation of equation (h) twice 
and STdJsequent -substitution of equations (1), (5), and (6) into the 
resulting expression yields the' following second-order differential 
equation for the shear stress in the cover of the beam: 




(d^ - - ^ 1 ) 



. in which 



if 


^^c 

1 1 

^ C^ 

I ^ I 

Eb 

Aj. 

^ J 
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Solution of differential, egn atlcn for a tl.-p"Xp.^pA:bem« " J’or a 
tip "loaded 'beem (fis. 3 (a)), eauatlon (?) reduces to 


. (d^ = -Ki^P 


(8) 


In ■vrhlch P <is ;the load at the tip of each wet. 'Ihe General 
solution of equation ( 6 ) is 


-K, 


T 

O 


= sinh Ex + Cg cosh Kx + P 


(9) 


in.-f/rhlch p, and Co are constants .of inteGration. At the fixed 
end^ X «= and Uj. = = Uj^. = 0. Hence, from equations {^0, (»), 

and ( 9 ), 

2 


K, 


hht^ + c^t 


( 10 ) 


At •'die free end, x =* L and <jj, «= cfg = » 0 . Consequently, frcm 

equations (l), (4), and ( 6 ), at x = L, 


dTp 

~dx^ 


= 0 


( 11 ) 


and therefore from equations ( 9 ) and (3.1) 

2 




C 


h \K^ mt^ + c^t„ 

-».W 


IP tanh KL 


(32) 


Shear end stringer stresses .- Sbrom equations ( 6 ), ( 9 ), (lO), 
and (IS), the shear stresses in tlie cover and weh, respectively, of 
a tip “loaded cantilevered "beam are 




tht^^ + o t. 


^c oah K(L “ x) ^ ^1 ^ 


cosh KL 




( 13 a) 
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.. T . 0-. 

w tjjli VjjS Tsht,, +' c^t / cosh KL 


cjosh E(L - x) P , 

+ 1 1 > ct. 


% 

K? 


(131)) 


Eie corresponding stresses in stringers P, S, and L, 
respectively, are from equations (5) and (13) 


CTj. = 


KA-r, 




sinh K(L “ x) 


iDht + c^t / ^ 

w o/ 


K, 




(l4a) 






W 

KAg tht^ rf- o^t^/- GOSh KL . AgE? 


sinh K(L - x) ■ 


P(x - L) (l4h) 


CTt = 


Pete /Ki- 


•O 


!• KAjh YjjS • ^ 

W 


si3ih K(L ~ x) 
cosh KL 


1 - ot. 


Ajh 




(x - L) 


(l^+o) 


In equations (I3) and (l4) those terms containing hyperbolic 
functions represent corrections to the stresses obtained with the 
elementary theory* Lhe other terms represent the elementary stresses. 
If a substitute structure is ■ considered, therefore, the correction 
terms only shotild be found and added to the elementary stresses that 
correspond to the actual structure. 


Beams with Ihfo Covers 

A typical beam having upper and lower covers of equal camber 
is shown in figtire 1(b). Because of the double -symmetry of the cross 
section, the analysis of this boj; is ‘'somewhat simpler than that for 
the single -covered box beam. Por the double -covered beam, equatiens (4), 
(5), and (6), respectively, are replaced by (fig. 5) 
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T 

V 


a 


(% " ^ 


+ ^ u 
bh 


dX 


T t . 
o c 

Aj. 


T t 
• ww 

Aj. 


- . ■'oV 

dx ' 


t' ■ ^_r 

^ “ V ’.. V 


(15) 

( 16 ) 

.trT • 

(17) 

(18) 


ElJjaijiatl-Qxi of and ; Ug frcm oq.uat3.one (l), and (I5) 

to (18) yields tlio f ollovfing diff encntlal equation for iiie sliear stress 
in either cover of -Hie team 


in vhioh. 
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For a 1368111 loaded at the tip of each -vreb hy a force P, 
eq,uation (I9) heoomes 


(j)2 _ 


( 20 ) 


Solution, of this equation for a team fixed at x = 0 yields 
the follOTTing expressions for tiie shear stress in the covers and 
wets, respectively^ 



— 2 


cosh K'(L “ x) 
^ah K*L 



W21) 


T 

W 


2py/ K^'^ 

t^rh 


hht^ + 2c^t^, 


cosh K*(L - x) 
cosh K'L 






The stresses in the stringer of the tension cover of the team 
(upper cover in fig. 1(h)) are of eq.ual magnitude but opposite in 
sign to the oori’espondlng s-fcreseea in the stringers of the oompresslon 
cover and are 




^~^c / h + 2 c\ Ai*^ 

K'Ay ^ ^ ^\e'^ 


hht + 2c^'tc 
W o i 


slnh K'(L “ x) 
cosh K»L 


+ 


Ajh 


K, 


,2 


t^(h t 2c) 

^ X\. 


(x - L) 


W22) 


o„ = 




,2 


® \K’^ hht + 2c^t 

Vi C ' 


slnh K*(L - x) 


AgK 


,2 


cosh K’L 


,2 


P(x 


.3 


In eq.uations (21) and (22) those terms ccntaining hyperbolic 
functions represent corrections to tlie coirespondjng stresses 
determined by the el.ementary theory. 
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rEVEIDBEKT OF EECURKBWC® FORMUIAS AND BOIMDAFY EQUATIONS 
Kecurrenoe Formula for Single -Covered Box 


Px'ocedure . - At any section 1 of a cambered box beam with a 
single syiametrloal cover (see fig. 6(a)), the discontinuity or "gap" 
in the cover permitted by the elementary theory is determined. A 
suitable set of stringer correction forces, which can be related to 
striJiger displacement at- any section 1, is found and the manner in 
which these forces distribute themselves within a bay is determined. 
A recurrence formula is- obtained which, when applied to successive 
sections, yields a set of simultaneous eq.uatians for the correction 
force in the cover stringer at each section considered. The 
corrections to the elementary stringer and shear stresses are 
therefore readily determined.- 


Stringer dla placemen ta due to . elementary shear stresses . - In order 

to determine the magnitude of the discontinuities that would exist 

between adjacent bays on the basis of elementary theory, the stringer 
displacements at any section i at which changes in external loading 
or bay’ oonstruotlon -bahe place are fo-ynd fr’m- the elementary shear 
stresses » Because of the symmetry only 'one heilf of the beam cross 
section is ooi3sidered (fig. 6(b)). The upper stringer of the half 
cover has half the area of the original cover stringer. 


The elementary shear stresses in the cover and, web of bay 1 
are, respectively, . 




'i I.tc 
i 




(23) 


and 




T» 


Wi 






(24) 


in which 

Ajf Ag cross sectional effective area of stringers F and S, 
respectively 

Ij^ moment of Inertia with respect to neutral axis of cross 

section of bay i 


m 
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c camber, (TOrtioal diatai^ce .of stringer. S' frcm stringer F) 

^ skin thickness of cover and veh, respectively, of hay i 

a. distance of. stringer F from. neutral axia. . 

The sign convention for the elementary sh^r stresses -is indicated 
in figure o(h). • • . • 

If the part of S'tringer S ■within hay 1 is to remain 
continuous with the sheet of the cover of hay i, because of the 
elementary shear strosses, each point of ■the stringer segment must 
■he displaced a distance (fig 6(c)) 




i 



T * 

°i G 


( 25 ). 


in ■which G is •the shear modulus and h, ■the half' cover width. 


The first term of the right-hand side of equation (2g) 
represents the contrihution of the ■^^eh shear stress .to. "the stringer 
displacement, whereas the second ■term is ■the contrihution of the 
cover shear stress. Frcm aq.uations (23) and (24), eq.uation (25). 
hecemes 


6 


i 


-V V 
i^i 


(26) 


in which 



Frcm elemen-tary considerations, liierefore, "the total gap 
between -the segmen-ts of stringer S of adjacent hays i and i - 1 
(see fig. 6(c)) is 


"i “ \-l = -^i-l “ ^i^i 


(27) 


Eq.'uatlon (27), indlca'tes that, "on the basis of elementary theory, 
displacements of the co-ror of adjacent hays having different applied 
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exterm^-sheaar . properties 

result in discontinuities in the oov^. ‘ 


i ■ '* •• A.-'--.- ' - *y. • j , 

Oorrection forces . - At any section i of the team, discontl- 
nxiltles can "ba. eliminated "by ihe application of a sui table set of 
self -equilibrating «3orrec.tion' forces;.^ stringejjs F. and L» 
If a force is applied to stringer S (fig. 6(d)) the applied 

■foroiSs' required at- stringers' F ' £uid'‘-L 'are, rospectively, 



and 


. f h ■<- O y 




> 



■where h is "bhe depth of the ueb. In order to utilize ■these forces 
for the elimination of the dlscontintiities in the cover, a relation- 
sljip -laus^fc be determined. be^tji/een.. ■the. displacemen^tB" of stringer S and 
the correction force Xj^. 

^xi-'Kvr!.'; B flatipnshlps .' be^fayegn , oorreotloia force ain id s^faresses .-’ In order 

,;■}». , f irid .•l^e desired rela^tippship be'fefeen s^tringer displacements’ and 
oqircection force,, ■yia shear ’iStresses lii ’the qover and web (see 
fig. 6(d)) are ’expressed as a froiction of X,’ Since the set- of— 
correction forces yields no resul'fcant vertical shear, equation (6) 
for any section 1, reduces to 



VV 


• ( 29 ) 


where idle horlzon^tal bar indicates correction s^tresses • From 
equations (l), ( 4 ), and (29), the shear s^tress In ■the cover of bay 1 
duo to, the application of the correction forces is o^ressible as 


Tr 


1 







(30) 


in which Ot^ , 0' , and Ft 

^i % ^i 


..for stringers ■- F> S, and L, 


are ■the correction s-tringer s’treseeo 
respectively, -at' any dis'tance from 
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section i. In figure 6(d) it is seen that at = 0, 

h + c 




1 hA. 


Fj 


and 


(31) 


at Xj_ = 0 


- c ^ 

Ct = “ ~ — Xj 

7"1 ^Li ^ 

Substitution of eq.ua tlons (31) into equation (30) yields 

1 

2 


1 + 


hht^^^ j ^i ^ 




X X 

G 'i Gc G i (32) 

■ Hh Ag^ ITbh h 


or at = 0 


in -which 


d^ E ® 

_£i = A.X, 

axi tc^_ i 


Ki^ = 


Eh 


L/Llif * Jl ^ 2 

1? . ' ^ / A.q . At, 


L^^i 


At ^2 


C^t„ 


1 + 


hht 




(33) 


At X. = L 
i i 


% ° - 0 
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and froja eq.mtion (30), therefore, at ■ 




■Ehe manner_ in which tlie shear stress in the beam cover is 
distrihnted ocaasistent with no resultant shear on a cross section 
is obtained fron egmtion (7) which reduces to 




r =0 
°i 


The general solution of this hcfnogeneous second“order 
differential equation is 


" ^1 * ^2 (36) 

Introduction of the houndaaiy conditions represented by equations (33) 
and ( 3 ^) into equation (36) yields the follovring relationship 
between the shear stress in the cover of bay i and the applied 
correction force 


T = -X. 


cosh - Xj 


sinh 


Frosra equations (29) and (37) shear stress in the web is 


= X 


E^c cosh Ej^ 


w "" * 

^ ’’Vj^h ■ sinh 


Belationshi'ps between correction force and stringer displacementt 
Within any bay 1 "the displacement of- stringer S corresponding to 
the correction shear stresses and and, consequently, the 

correotion force is detenr^nlxied from eqmtion (25) and is 


T — - T — 

'^I G °i G 
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Substitution of eq.ua tibns (^) and (28) into eq.uatlon (39) yields 





cosh Kj - 3Cj^ 
slnh.Kil^ ^ 


(to) 


Equation (4o) relates the axial displacenent of stringer S at any 
point XjL to t!ie correction force If hay 1 has a length 

the displacement of the coyer stringer at Xj_ = 0 and x^ = are, 
respectively, 

S^(0) r= (41) 


in which 





Kih 


hhtj^ / %% 


and 


in which 


®i(%) = ^^i^i 







Gtjj^ sinh EiLj 


(to) 


Peyeloiament of recurrence formula . - A recurrence formula can 
now he ohtained from consideration of the amount of ccrrection 
force X^ required to eliminate the discontinuity deteimlned from 
the elementary theory. From equation (27) the magnitude of the 
discontinuity hetween two adjacent hays i and 1 ~ 1 (see ’ 
fig. 6 (c)) is 


\ " \-l 


V Y - V V 


(^ 3 ) 
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S3nc!e, -in general, correction foroea -are applied to, "both ende of a 
lay, the discontinuity defined ly equation (^3) is eliminated ly the 
application of .correction forces ■ X-^_, and (fig* 7) • 

Consequently, from equationa (4l) and (i*2) tho discontinuity at 
section 1 can le eliminated "byrnaJili^g 


®1 " ^i-l.“ (^l^i+1 " ^i^l) ■ .(^l”l^i. “ (^1-l^i-l) 

Comlination of equations (J+3) and (hh) yields tho following 
recurrence formula relatiiig the correction forces X at throe 
successive sections: 


1-l^i-l “ (^i-1 H) ^i >^i^i+l * ''i-l^i-1 ‘ ''i''*'! ^^5) 

The recurrence formula (h^) relates the correction force 

applied to the cover stringer S at section 1 to the corresponding 

forces applied at tho sections adjacent to section i. One equation, 
thorofore, similar to equation (if-5) can he written for each section 
of a single -covered cambered box beam provided that at least one bay 
exists on each side of that section. 


■ ■ Boundary Iqmticns 

Equations suitable for application to bays adjacent to boundaries 
can be readily obtained from the previous analysis and ilie pertinent 
boundary conditione . Consequently, boimdary equations are presented 
herein for conditions of full res-faralnt, partial restraint, or no 
restraint. By suitable cembinatiens of the boundary equations, and 
proper maiilptilation of the subscripts, these oquatlans can be aj^llod 
to the analysis of beams restrained at botli ends, unrestrained at both 
ends, or restrained at one end and unrestrained at -che other. 

■ Bo undar.v. equatlon for fjoiied end . - If a beeaa is fixed to the 
right' 'of bay m as indicated in figure 8, the stringer displacements 
at section m + 1 must.be' zero. Consequently, from equations (4l) 
and (42)- 


" “Sn^+l ” .’^m^ 
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and from equation (28), therefore, the fixed -end houndary equation 
is 

If the heam is fixed to left of hay D, the boundary eqmtion is 

Vo - Vl ' Vo (“8) 

Boundeiry equation for -^nrestralned end ." If the heam of figure 8 
is unrestrained to the left of hay 0^ the oorrecticn force at ■ 
section .0 is zero. .Therefore, frcaa continuity considerations at 
section . 1 and from equations (27), (ij- 1 ), and ( 42 ),’ the unrestrained" 
end boundary eqiatlon which is written for section 1 is . 


. - (Vr^i)^V.Va ' Vo - Vi, .('*9) 

and if hay m is unrestrained at its" right, the. boundary equation for 
hay m is . 


- (W V) ^ “ Wa-1 - Vm (5°) 

Boundary equation for -partly restrained' end .*- If a heam is 
continuoiis through a fuselage as shown in figure 9, hay m is 
partly restrained at its right end. The boundary equation applicable 
to section m + 1 is 


- (V * "=) ,Vl - Va . . .w 

in which, when hay m + 1 is composed of both skin and stringers, 

.2 ^ ,.2 
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and, -v^en Isay m + 1 is oompoaed of ati'lneerp only, 

V , ^m+1 AjL5 + ^ ^ 

KE V^’em-I /Snyl/ 


Recurrence Fojmila for double -Covered Beam 


A recurrence formula for tlie determination of the correction 
forces for a double -covered beam such as that Indicated in 
figure 1(b), can be obtained in a manner similar to tliat used for 
the analysis of the a ingle -covered beam* The equations presented 
in the previous analysis must be altered, therefore, as Indicated 
below. 

ll 

(1) 3h equations (23), (24), and (26), z is replaced by 
(fig. 5(a)). 

■“ (2) Equation (27) can then be written as 


6 . 


1 - 8i-l = ^'i-l^i-l ^ ^iVl 


in which 


and 


h + 2c Y 


J 


(5^) 


" h fs'*' i;;} 

(3) Relations (28) sire replaced by (seo fig. lO) 

h + 2c 


(53) 


(4) Equation (7) beocmes 










(51^) 





MCA TW No . 1466 


23 


From eq.tiatlons (l), (^ 5 ), ajid ( 5 ^), the sheai* stress In elliier coTer 
or hay i can then he expressed as 


(1 + 


at 
dx 


(5) Equations (3I) are replaced hy 

__ h + 2c 


^ ' l(^ $)«■% ■ S <'Si (55) 


Fl hA. 




X. 


Co = - 


^Si 


(56) 


equations (19) ^ ( 5 ^^) to (56), and ( 34 ) and equations 
equations (32) to (34) and (36), the follcwing expresslcns 
ror toe shear stresses In cover and veh which correspond to 
equations (37) and (3^), respectively, are 


■"c. = “2:i 


K‘^ cosh K > 

"^Ci sinh K'^L^ 


( 57 ) 


and 


T 

W. 


= 2X. 


K 


iC °°BhK'j.(% -x^) 


t^7ah 


slnh K'^L^ 


(58) 


(?) ^e relationships for the displacement of stringer S 
a Xi = 0 and Xj^ = that correspond to equations (51) and (52) 


are: 


Si(0) = 


( 59 ) 


in which 


X = 11 + 


2 o^t, 


K'.h 


^ ^'i^i 



2h 

and 

in ■vdaich 

( 8 ) 

to 



in which 


when hay 


when hay 


- . HACA IK No I Vi66 


”^i W “ ^ 


(6o) 


2 o^t, 


|A% t= |l + 




hht^^y Gto^ siiih 


The recurreno© f cannula (45) snd the hounSapy e<iuatlons (47) 
respectively, can then he written for a double -covered hooc as 

5i-i " (^‘i-l ^’i) *1^1+1 “ '^'l-l^i-1 " 

\ VqXq - li’oXi = ''*0^0 - 

-(x'o + >^\) ^ - ’ "”l^l 

’m-1^-1 - V-1 ^ ^ ‘m) ^ " 'm-1%-1 " (^5) 

m ■'■ ^*) ^+1 ” ■■ 


( 66 ) 


k * 


m+l 


-^.2 


HH -1 




nH-1 


m+l Is composed of hoth skin and strJngors, end 


.1 / h + ep 


hE V^Fm+l . ^+1 


m+l/ 


m+l is ccmposod of stringers only. 
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Application of Secton^ence Fonmilas and.Botihdary Eg,wtionfl 

Sliiiultn'np><~inp equations . - After a 'beam, has been subdivided into 
the desired nvanber of bays (see fig» 8), an equation in terms of the 
tmlsno'wn correction forces X can be written for each bay • Eecurrence 
formtila (45) (for single -covered beams) or recurrence formula (61) 
.(for double -covered beams) applies to al 3 . bays located at least one 
bay from a boundary j whereas e<iuationB ( 47 ) and (48), eq.uatlons ( 49 ) 
and (50), and equation (51), respectively, apply to fixed -end, 
xinres trained-end, and partly restrained -end bays of single -covered 
beams and ealiatlons (62) and (63), eg.ustions ( 64 ) and (65), and 
eq,uatlon (66), respectively, apply to fixed -end, unrestrained -end, 
and partly restrained -end bays of double -covered beams. The group 
of eq.uations thus obtained constitute a set Of simultaneous linear 
algebraic eq.uations for the determination of tlie correction forces 
at each section. A typical set of eq.uations applicable to the beam 
of fi^ire 8 is given in table 1. 

Calculation of strinfter stresses .- The total stringer stresses 
are obtained from the addition of the elementary stringer stresses 
determined from the formula My/l and the corresponding correction 
stL-esses determined by dividing the correction forces at each section 
considered by the effective stringer areas at that section. If the 
beam considered is a simplified or "substitute " structure (see, for 
example, p. 2, reference 2), the elementary stresses should be taken 
as those of the actual structure. The correcticaa force for the cover 
stringer S at- any section i is obtained directly frcan. the solution 
of the simultaneous eq,uationsj whereas the forces for the web or 
flange stringers are obtained from relatione (28) (for single -covered 
box) or relations ( 53 ) (for double -covered box). The total stresses 
in stringers F, S, and L, respectively, at section i of a single- 
covered beam are 


'F4 


M^2 


% 


h + c 


^i- 


hA 




M, 


i(!ijL^) 


• + •- 


“ifr - ^ 1 ) i 


hAx 


X. 


(8?) 


J 



26 


-mcA Tiir No . l^^6^6 


Similarly, the atressea in stringars F and S in either cover of 
a douhle -covered ‘beam are 


__ h + 2c 




^F, 


1 2li 


liA- 


Fi 


+ 2c) ' 


( 68 ) 


21. 


- + 


As, 


Calculation of shear •etreane a . - TOxe shear stresses in cover 
and web at any section i ai*e obtained from addition of the 
elementary shear stresses determined frcta the formula VQ/lt and 
the correction shear stress t determined frcaa eq.ua tlons (37) 
and ( 38 ) (foi’ single -covered beams) or eq,mtigns ( 57 ) and ( 58 ) (for 
double -covered beams) . The total shear stressos in cover aimi web, 
respectively, for a single -covered beam ere, therefore, 


T js 

°i 


^i’’^c. 


cosh 


sinh 


^i%. 


and 


.■K* 


"-i = £;rrfs,('i * <=) * vi 


1. \ 


cosh - 


i+l' 


or 


T n 
°1 


^^1^ V sinh 


(69) 


^l’*^Cj, 


“^i-1 




and 


T r= 


V. ^ 


^1 ' 


ASi (^i + c) + 


^1-1° Pl-1 " ^1 ^i-A>l 

^ 1 - X ^ \ ^1 ” 1 ^ 1-1 




Similarly , for a double -covered beam, the shear stresses In cover 
and web, respectively, are 


-jr» 
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^7 


T_ =t 


V^Ag (li + 2o) K'^ /X^ cosh K'^L^ - 


21. t, 




slnh 


and 


T = 




|is^(h + 2o) + Aj^hj 


^ °° 3 h £-^I^ - 


V \ ^'A 


or 


T sr 
O-f 


VjAg (h + 2o) S'l.i /ii.i - Xj cosh 




Slnh 


and 


2K* -c/X. -X. cosh K*. ,L,, 


T = _J:_[Ag^(h + 2c) + A hi H-- (Jlli 

i 2Iit L 1 ij \ sinh K»3_.3_L^.3_ 


If -the corrections are for a substitute structure, the elementary 
stresses .shoiild he tahen as those of ilie actual structvire. 


Hin^lOAL EXAMPEES 

Example 1 - Camhered Bcoc Beam with Single Cover 


As an illustration of the application of the recurrence fonuulas 
and differential equations developed in the present paper, -the single - 
covered cemher-ed hox beam of reference 3 is analyzed herein. The 
beam can be considered as a tip-loaded cantilever bcnc of uniform 
construction. Pertinent dimensions of both the actual beam and the 
substitute structure used in reference 3, as well as in the present 
analysis, are given in figure 11 and in table 2, 

AT>t>ll cation of dlfferentlaJL-eguatl^on solution .- Since the beam 
considered (fig. 11(d)) is tip-loaded and of uniform construction, 
equations ( 13 ) and (14) can be uned to detenalne the shear and 
■stringer stresses, respectively. Since a substitute structuz'e is 
to be analyzed (fig. 11(c)), only llie oorrectibn teims of these 
formulas require consideration. After substitution of the numerical 





28 ^_vso, iJ^$6 

z. i IZL.. . ^ MS 

values glvdn in tatle 2 into tlie .eorrection tewos of eq.ua ti on (13a) ^ 
the correction she'ar stress in the cover 1500011108' 

a *21.9 cosh 0.074(88 - x) (71) 

in which X is in inches and is measured from tiie root. and -t is 

c 

in pounds per square inch. The elementary shear stress in the part • 
of the cover adjacent to stringer F of the actual structure is 



=> 9360 psi 


(72) 


Consequently, the total shear stress in the cover skin immediately 
adjacent to sti’in,';'ier F is , ‘ ■ 


Tq “ 93 ’^ " 21*9 cosh 0.074(88 - x) (73) 


in whinh is measured in pounds per squsj^e inch. Equations (72) 

and (73) are plotted in figure 12, along with experimental data 
obtained for the beam discussed. 

Tlie stringer stressee for the substitute structure are determined 
from equaticaas (14) . Substitution of the numerical values given in 
table 2 into the correction terms of equations (l4) yields the 
followilng expressions for the cori-ection staresscs for stringers F 
and SI, 


ffj, = 15»57 sinh 0.074(88 ~ x)' (74-) 


Og = "13*83 sinh 0.074(88 - x) (75) 


in which 0 is in pounds per square inch. These corrections are 
plotted in figure 13. 
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Althau^ 0 J 1 is merely added to the correspccadtng elementary 

stress to obtain the total stress in stringer F of the actual 
strnc-bure, a_ must first he distributed among the three stringers 

D 

of the actual cover and then each of the three resulting correcticais 
added to the corresponding elementary stringer stresses. In 
accordance with reference i)-, Og is distributed along the developed 

width of the cross section. of the cover as a third-order parabola 
(fig. liv) . Therefore 

. -P + (5-j, + (7fi) 

with 

F distributed cover stringer correction stress 

|3 negative of correction stress at center line of cover 

S developed distance frcm center Itoe of cover 

bp developed length of cover 

Since F„ is distributed along the developed irf.dth 

O 



and, conseq.uently 
and, therefore, 

^ = 3 (^s ' y (^p " ^s) (b^)^ 
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Hie correction stress- in Btrlngers 1, • 2, and 3, respectivolj^ 
at any distance x ■from the root is determined from eqTiaticn (77) 

"by -taking equal to 0 .OjQj, eond. 0.00292 , (See figr l4.) 

Hie correction stringer stresses defined hy eq.uations (jk) 

Cn) ars added to the elmentary stresses determined from 
ireferenoe 3, and the resulting to-bal stresses are plotted for -the 
root region in figure 15, toge-fcher vi-bh experlmen-tal da-ba, 

A-ppllcation of recurrence -formula solution . - The "beam of 
reference 3 can also he analyzed hy the recurronco formula me-bhod. 
Since the beam is single -covered and cantilevered, recurTence 
fonr.ula (i|-5) and boundary eqiuatlons (Ii-7) and (^9) are a^pplicable. 

If the beam is divided in-bo four bays of eq.ua! leng-th (fig. 11 (e)), 
m is set equal to 3 in -the oquationp of -table 1, and the numerical 
vali;.e3 of -the canstents are -takren from -table 2, the following set of 
slmvlteneous equations for tiie con'ectlon forces Xg, X^^, 

and .Xj^ is ob-bained 


X, ■ X- X^ X, Constan-bs 
1 2 3 . if: ,(xb) 

-15.55 2.94 0 

2.94 “I5.55 2.94 0 

.2.94.-15.55 2.94 0 

2.94 -7.77 18000 


Solution of this set of e.quatioaas yields; 


X^ = -18.2 po-^ds, Xg = -96.4 pounds, X^ == -491.0 po-unds. 


and Xj^ = -2500 pounds, 


The correction s-bringei- stresses are obtained from substitution 
of the numerical values of X into the X-tenss of equation (67). 

For stringers F and S these corrections are indicated by -the 
crosses on figure 13 which fall on -the curves obtained from the 
differential -equation sol-utiqn.. Hn order to obtain -the to-bal B-tressee 
in the actual s'tructm’e -the corrections must be considered in a 
manner similar to that discussed in -the preceding soo-tion. 

The correction shear s-bresses at each of -the four sections 
considered are obtained directly frcra the X-terms of equations (^). 
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These corrections are added to the elexaentary shear stress determined 
previously and are indicated hy the crosses in figure 12. 


Example 2 - Thin-Weh Beam 

In order to llliostrate further the application of the recurrence 
formulas and differential equations developed, a thin-weh heam 
(fig. 21 of reference 5) is analyzed "by us© of the formulas and 
eq.uations for a heam with two covers. A sketch of the beam indicating 
the method of support, loading, and pertinent dimensions is given 
in figure l6. 

Aunlication of dlfferehtial-eouatlcai solution .- If in 
eq.uations (21) and (22) (obtained from the solution of the differ- 
ential eq.uatlon (20)) the camber c is mad© ©q.ual to the width b 
(see fig. 6), the panel shown in figure l6 can be analyzed directly. 
Only the stringer sluresses vrill be- determined. Ercm eijuatians (22) 
and the numerical values given In table 3 


= 1068 - 22.59X - 27.7 slnh 0.0674(47.25 - x) 
Og - 2135 - + 7,91k Binh 0.067k(k7.2i - x) 


(T8) 


in which x is meas^lred from the root in inches and a is in 
pounds per sq.uare inch. 

The stresses obtained with equations (78) are plotted in 
figure 17 and as indicated coincide with the stresses determined in 
reference 5 * 


A'P'Pllcation of Recurrence -formula solution .- The s'ta'esses in the 
thin-web beam can also be determined by application of recurrence 
formula (61) and boundary eq.uations (&)■ and (64) . Division of the 
beam into three bays of ei^ual' length (fig. 16) and application of 
eq.uations (64), (61), and (62), respectively, -yields the following 
set of simultaneous eq,uations for the correction forces X: 


- 21 * 

U* 


X2 X3 

- 21 ’ 1 -*' 

h’ -1’ 


Constants 

0 

0 

v’P 
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Substltuticaa of ..the nianerioeJL- venues given in 3 _yi®^^ 



Constants 

(It) 


-26.8 8,29 

8.29 -26.6 8.29 

8.29 -13.4. 



and, conseq-uently 


= 10.96 pounds 
- 35 pqwids. 
X' ' i=> 103 .6 pounds 


Substitution of these correction forces and the numerical values 
given in tatle S into e<iuatio^ ( 63 ) and (70)/ respectively, yields 
the stringer and' sheex stresses in the panel at secticns 1 , 2 , and 3 * 
The stringer stresses o'btalnecl are plotted in flgvire I7. 


ACCURACY OF ^lYSIS 


The results of the numerical examples presented indicate that 
the recui’rence formulas and differential equations developed in the 
present paper are sulta'ble for the analyses of the stringer and shear 
stresses in cambered box beams. The plots given in flgvu'e 13 show 
that ihe correction stringer stresses determined frcm the rocurronco- 
formula solution are identical wilh those found by the differential - 
equation solution, as they should be beoauioe the two solutlcns are 
fundamentally identical. The curves for the total stresses in the 
stringers in the i-oot region (fig. I5) indicate that the differential - 
equation solution (and consequently the recurrence -formula solution) 
yields results in good agreement td.th the exporimental data of 
reference 3. The plots given in figure 12 for the shear stresses in 
the shin of the part of the covei’ adjacent to the flange stringer also 
indicate that the results of the x^ecurrence-fonmula solution and 
differential -equation solution are in good agreement with the 
experimentally determined stresses. It should be noted that for both 
stringer stress and shear stress the elementary solution yields 
results that are in poor agreement -with the experimental data. 
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The stresses in tlie stringers of the thin-weh "beam (example 2) 
of reference 5 determined hy the recurrence -formula solution and 
differential -eq.uation solution are identical with those found "by 
the method of analysis of reference 5 and are plotted in_ figure I 7 . 


CONCnSSIOWS 


Recurrence formula.s and differential eq.uations are developed 
for the. stress anal 3 ’’sis of camhered box "beams ■ having either one' or 
two covers. The recurrence foruxilas in ccn junction with the boundary 
eg.uations presented can "be used for the determination of stringer and 
shear stresses in laterally loaded cam"bered'box beams restrained at 
both ends, unrestrained at both ends, or restrained at one end and 
unrestrained at the other end. The differential-equation solutions 
are applicable to cantildvered cambered box' beams that are tip-loaded 
and of uniform construction, . ' 

Comparisons given between the methods of analysis of the 
present paper and experimental data and another method of ane.lysis 
indicate that the formulas and equations developed are adequate for 
the stress analysis of cambered box beams. 


Langley Memorial Aeronautical Laboratory 

National Advisory Coirmittee for Aeronaiitics 
Langley Field, Va., July 15, 19^!-7 
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TABIE 1.- SCHEME OF EQUA-TIONS FOR GARTIIEVEIR CAMHERETD BOX BEAM 







Vi 

X 

m 

^DH-l 

Constants 

(^0 

'l) 

^*1 






''o'^o - Vl 

•^1 


+ 

1 


^^2 




Vl - V2 






^-1 

m-1 m/ 


Vl^m-1 - Vm 







SL 




TABES 2.- NIMEEIOAL VALUES FOR EXAMPIS 1 


P 

(I'bB) 

0 

Cm.) 

t 

(m.) 

h 

(m.) 

t 

•w 

(m.) 

t 

0 

(la.) 


3000 

3.38 

9.01 

4.85 

0.0782 

0.0251 

88 

(ln.2) 

(In.^) 

(m.®) 

I 

(m.**-) 

z 

(m.) 

G 

(psi) 

E 

(psl) 

1 

m 

0.810 

0.537 

3.98 

If 2.3 


4 X 10 ^ 

10.4 X 10^ 

22 

16.63 


TABLE 3.- RTMERICAL VALUES FOE EXAMPIE 2 


p 

(Its) 

. h 

c = t = 2 
(m.) 

t = t 

V C 

(m.) 

L 

(m.) 

(m.2) 

(in.2) 

I 

(m.*^) 

m 

E 

(pel) 

m 

m 

9.84 

0.0315 

47.25 

0.620 

1.0^ 

960 

^ESSSI 


15.75 
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(a) Single cover. (b) Double cover. 

Figure 1 7 Cambered box beams. 
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(a) Beam loaded at several sections. 



(b) Stringer displace- (c) Total cover stringer 
ments due to cover displacements due 
shear. to shear. 



(d) Stringer displace- 
ments due to bending. 

NATIONAL ADVISORY 
COHHITTEE FOft AESONAUTKS 


Figure Zr Cover stringer discontinuities. 






(o) Single covered box beam. 


(b) Shear stresses. 


Figures.' Notation for tip-loaded single-covered box beam. 
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Figure 5-“ Double covered box beam. 
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(c) Cover stringer displacements, (d) Correction forces and shear stresses. 

national advisory 
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Rgure 6 r Notation for single covered box beams, 
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Figure 7rApplication of correction forces- 
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Figure 8 “Beam with fixed end. 
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Rgure IO“Correction forces for 
double covered box beam. 
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(b)Side elevation of test becm 


Ag=0.537j7 
|~'T^f=Q8P0 

jf 

k - 8.35 — 

(c) Substitute single strings' beam. 
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(d)Side elevation of substitute beam. (e) Notation for substitute beam. 


Figure Hr Details of test beam and substitute single stringer beam {example I). 
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Distance from root, in. 
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Figure 12 r Cover shear stress (exampte I ). 



Figure 13.- Stringer correction stresses (example)). 
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Figure 14 .'Disiributi on of correction stress (example!). 
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Figure 1 6. -Thin- web beam (example 2). 
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Figure 17.- Stringer stresses in thin-web bearri (example 2). 



